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Theorem Proving (as an undergraduate student)

1 goal
Theorem addleqg : forall (n : nat)

(J ¢+ nat), (n + J).+1 = (n + j.+1). Ynij:N, eq (S (addn n j)) (addn n (S j))



Theorem Proving (as an undergraduate student)

1 goal
Theorem addleqg : forall (n : nat)

(3 : nat), (n + 3).+1 = (n + j.+1). n,j : N

intros n j. eq (S (addn n j)) (addn n (S j))



Theorem Proving (as an undergraduate student)

2 goals
Theorem addleqg : forall (n : nat)

(3 ¢« nat), (n + J).+1 = (n + j.+1). n,j:N

intros n j. eq (S (addn 0 j)) (addn 0 (S j))

elim n. . _
subgoal 2 1is:
V(n: M) (:eq (S (addn n j)) (addn n (S j))),
eq (S (addn (S n) j)) (addn (S n) (S j))



Theorem Proving (as an undergraduate student)

1 1
Theorem addleqg : forall (n : nat) 904

(J : nat), (n + Jj).+1 = (n + j.+1). n,j:N
intros n j.

¥ (n : M) ( :eq (S (addn n j)) (addn n (S j))),
elim n. eq (S (addn (S n) j)) (addn (S n) (S j))

reflexivity.



Theorem Proving (as an undergraduate student)

Theorem addleqg : forall (n : nat) Ligoal

(J : nat), (n + j).+1 = (n + J.+1). n,j,m: N

. . IH : eq (S (addn n1 j)) (addn n1 (S j))
intros n 7.

elim n. eq (S (addn (S n1) j)) (addn (S n1) (S j))

reflexivity.
intros nl IH.



Theorem Proving (as an undergraduate student)

Theorem addleqg : forall (n : nat) Ligoal

(J : nat), (n + j).+1 = (n + J.+1). n,j,m: N

. . IH : eq (S (addn n1 j)) (addn n1 (S j))
intros n 7.

elim n. eq (S (addn (S n1) j)) (addn (S n1) (S j))

reflexivity.
intros nl IH.
simpl.



Theorem Proving (as an undergraduate student)

Theorem addleqg : forall (n : nat) 1,90l
(3 : nat), (n + 3j).+1 = (n + j.+1). n,Jj,m:N

IH : eq (S (addn n1 j)) (addn n1 (S j))

. why doesnt simpl do this : eq (addn (S ni1) (S j))
elim n. (S (addn n1 (S j)))

intros n j.

reflexivity. eq (S (addn (S n1) j)) (addn (S n1) (S j))

intros nl TIH.

SHmpt
have why doesnt simpl do this
(addn (S nl) (S j)) = (S (addn nl

(S 3))).

done.



Theorem Proving (as an undergraduate student)

1 1
Theorem addleqg : forall (n : nat) e

(j : nat), (n + Jj).+1 = (n + j.+1). n,j,m:N

intros n 3. IH : eq (S (addn n1 j)) (addn n1 (S j))

| this : eq (addn (S nm1) (S j))

elim n.
reflexivity. :

. )) (S (addn nm1 (S j)))
intros nl IH. Where is the proof term?
STt
have why doesnt simpl |
(addn (S nl) (S jJ)) = (S (addn nl
(S 3))).
done.

rewrite why doesnt simpl do this.



Tactics (and tactic-based proof assistants)

+ Track proof state — Opaque for beginners
+ Automation — No intuition about the proof itself



Example: The Little Typer

What if we only focus on the
proof term?

'D. Friedman, D. Christiansen (2018)



Example: The Little Typer

(define step-addl+=+addl
(A (J n-1)
(A (addl+=+addl )
(cong addl+=+addl
(+ 1)))))

-1

'D. Friedman, D. Christiansen (2018)



Example: The Little Typer

(define|step-addl+=+addl
(A (] n-1)
(A (addl+=+addl )
(cong addl+=+addl
(+ 1)))))

-1

(define addl+=+addl
(A (n J)
(ind-Nat n
(mot-addl+=+addl 7j)
(same (addl 7))
(step-addl+=+addl J))))



Proof Strategies

(define step-addl+=+addl
(A (J n-1)
(A (addl+=+addl )

Theorem addleqg : forall (n : nat)
(J : nat), (n + Jj).+1 = (n + j.+1).

intros n j.

(cong addl+=+add
(+ 1)))))

How are these

(define addl+=+addl connected? nt simpl do this
(A (n 7J) S J)) = (S (addn nl
(ind-Nat n (S 3))). reflexivity.
(mot-addl+=+addl j) rewrite why doesnt simpl do this.
(same (addl 7j)) by f equal.
(step-addl+=+addl 7J)))) Qed.



Proof Strategies

(define step-addl+=+addl

(A

(J n-1)

(A (addl+=+addl )

(cong addl+=+addl
(+ 1)))))

-1

(define addl+=+addl

(A

(n 3)

(ind-Nat n

(mot-addl+=+addl 7j)
(same (addl 7))
(step-addl+=+addl 7J))))

Theorem addleqg : forall (n : nat)
(J : nat), (n + Jj).+1 = (n + j.+1).

intros n j.

elim n.

reflexivity.

intros nl IH.
have why doesnt simpl do this

(addn (S nl) (S j)) = (S (addn nl
(S 3))). reflexivity.

rewrite why doesnt simpl do this.
by £ equal.

Qed.



Proof Strategies

(define step-addl+=+addl

(A (3

n-1)

(A

(addl+=+addl_ )

(cong addl+=+addl
(+ 1)))))

-1

(define addl+=+addl

(A (n 9) |

(ind-Nat n

(mot-addl+=+addl 7j)

(same (addl 7))

(step-addl+=+addl 7J))))

Theorem addleqg : forall (n : nat)
(J : nat), (n + Jj).+1 = (n + j.+1).

intros n j.

elim n.

reflexivity.

intros nl TIH

have why doesnt simpl do this

(addn (S nl) (S j)) = (S (addn nl
(S 3))). reflexivity.

rewrite why doesnt simpl do this.
by £ equal.

Qed.



Bottom-up proofs

+ Explicit — Verbose- no automation
+ Transparent — Most proofs aren't book chapters



Introducing ProofViz

GUI Proof Explorer

~(Focused) Top Level
< (A (n : Nat) (Subterm 0))
<wContext: (n : Nat)
| (Subterm 0))
~Context: (j : Nat)

Context
n B Nat

~((new-elim n (A n (M (== Nat (s (plus n j)) (plus n (s j))))) (Subterm 0) (Subterm 1)))

~(A (A (Subterm 0)))
~vContext:
~(A (Subterm 0))
~Context:
(refl Nat (s j)) : (== Nat (s ) (s ]))
<(A X1 IH3 (A (Subterm 0)))

Goal

Tactic|

(by-intros n J)

(by-induction n)

reflexivity

(by-apply f-equal #with Nat Nat s (s (plus X1 J)) (plus X1 (s )))
by-assumption

(M (3 : Nat) (== Nat (s (plus n j)) (plus n (s j))))

wContext: (X1 : Nat) (IH3 : (== Nat (s (plus X1 j)) (plus X1 (s j))))
<(f-equal Nat Nat (A X1 (s X1)) (s (plus X1 j)) (plus X1 (s j)) (Subterm 0))

IH3 : (== Nat (s (plus X1 j)) (plus X1 (s j)))

Apply
Subterms

0 : (==Nat (s (plus n J)) (plus n (s )))

Result

Undo

(A (j : Nat) (Subterm 0))

Complete Proof Term

(A (j : Nat)
((new-elim

n

(A n (N (== Nat (s (plus n j)) (plus n (s j)))))
(A (A (A (refl Nat (s j)))))

(A X1

Generated by tactic

(by-intros n j)

Expand all

Collapse all except focus

Redo



ProofViz: Tree View

v(Focused) Top Level
< (A (n : Nat) (Subterm 0))
<Context: (n : Nat)

i (Subterm 0))
<Context: (j : Nat)
<((new-elim n (A n (M (== Nat (s (plus n j)) (plus n (s j))))) (Subterm 0) (Subterm 1)))
<(A (A (Subterm 0)))
~vContext:
<(A (Subterm 0))
~Context:
(refl Nat (s j)) : (== Nat (s j) (s )

<~ (A X1 IH3 (A (Subterm 0)))
wContext: (X1 : Nat) (IH3 : (== Nat (s (plus X1 j)) (plus X1 (s j))))
+(f-equal Nat Nat (A X1 (s X1)) (s (plus X1 j)) (plus X1 (s j)) (Subterm 0))
IH3 : (== Nat (s (plus X1 j)) (plus X1 (s j)))

Expand all Collapse all except focus I

Nat s (s (plus X1 J)) (plus X1 (s })))

Undo



ProofViz: Node Information

~(Focused) Top Level
< (A (n : Nat) (Subterm 0))
<wContext: (n : Nat)
| (Subterm 0))
~Context: (j : Nat)
<((new-elim n (A n (M (== Nat (s (plus n j)) (plus n (s j))
~(A (A (Subterm 0)))
~vContext:
< (A (Subterm 0))
~Context:
(refl Nat (s j)) : (== Nat (s ) (s ]))
<(A X1 IH3 (A (Subterm 0)))
~Context: (X1 : Nat) (IH3 : (== Nat (s (plus X1 j)) (
~(f-equal Nat Nat (A X1 (s X1)) (s (plus X1 j)) (ply
IH3 : (== Nat (s (plus X1 j)) (plus X1 (s j)))

| §lcontext T
n Nat (
(
(
Goal
(N (j : Nat) (== Nat (s (plus n j)) (plus n (s j))))
Apply
Subterms
0 == Nat (s (plus n })) (plus n (s J))

e
(by-intros n j)

Expand all

Collapse all except focus

Nat Nat s (s (plus X1 ))) (plus X1 (s })))

Undo

Redc



ProofViz: Node

Information

~(Focused) Top Level
< (A (n : Nat) (Subterm 0))
<wContext: (n : Nat)
| (Subterm 0))
~Context: (j : Nat)

~((new-elim n (A n (M (== Nat (s (plus n j)) (plus n (s j))))) (Subterm 0) (Subterm 1)))

~(A (A (Subterm 0)))
~vContext:
< (A (Subterm 0))
~Context:

GUI Proof Explorer
Context
n E Nat

Goal

Tactic|

(by-intros n J)
(by-induction n)
reflexivity

(by-apply f-equal #with Nat Nat s (s (plus X1 J)) (plus X1 (s )))
by-assumption

(refl Nat (s j)) : (== Nat (s ) (s ]))
<(A X1 IH3 (A (Subterm 0)))
wContext: (X1 : Nat) (IH3 : (== Nat (s (plus X1 j)) (plus X1 (I
<(f-equal Nat Nat (A X1 (s X1)) (s (plus X1 j)) (plus X1 (s j|
IH3 : (== Nat (s (plus X1 j)) (plus X1 (s j)))

Result

(A (j : Nat) (Subterm 0))

Complete Proof Term

(A (j : Nat)
((new-elim
n

(A (A (A (refl Nat (s j)))))
(A X1

(A n (M (== Nat (s (plus n j)) (plus n (s j)))))

Undo

Generated by tactic

(by-intros n j)

Expand all

Collap:

Redo




ProofViz: Interaction

~(Focused) Top Level
< (A (n : Nat) (Subterm 0))
<wContext: (n : Nat)
| ubterm 0))
~Context: (j : Nat)
~((new-elim n (A n (M (== Nat (s (plus n j)) (plus n (s j))))) (Subterm 0) (Subterm 1)))
~(A (A (Subterm 0)))
~vContext:
< (A (Subterm 0))
~Context:
(refl Nat (s j)) : (== Nat (s j) (s }))
<(A X1 IH3 (A (Subterm 0)))
wContext: (X1 : Nat) (IH3 : (== Nat (s (plus X1 j)) (plus X1 (s j))))
~(f-equal Nat Nat (A X1 (s X1)) (s (plus X1 j)) (plus X1 (s j)) (Subterm 0))
IH3 : (== Nat (s (plus X1 j)) (plus X1 (s j)))

Context
n B Nat

Goal

GUI Proof Explorer

(N (j : Nat) (== Nat (s (p

Apply
Subterms
0 3 (== Nat (s (plus n J)) (plu:

Result

(A (j : Nat) (Subterm 0))

Expand all Collapse all except focus

Complete Proof Term

(A (j : Nat)
((new-elim

n

(A n (N (== Nat (s (pl
(A (A (A (refl Nat (s
(A X1

Generated by tactic

(by-intros n j)

Tactlcl

(by-intros n j)
(by-induction n)
reflexivity

(by-apply f-equal #:with Nat Nat s (s (plus X1 J)) (plus X1 (s J))

by-assumption

Undo

Redo




ProofViz: Goals

+ Explicit
+ Transparent



ProofViz: Goals

+ + + +

Explicit

Transparent
Automation with tactics
Track proof state



Cur

e A dependently-typed proof assistant’

o Created with Racket?

'Dependent Type Systems as Macros, S. Chang et al. (2019)
°The Racket Manifesto, M. Felleisen et al. (2015)



Cur

e A dependently-typed proof assistant’
o Created with Racket?
e Extensible (experiment without core language modification)

o New tactic systems: Ntac
o Experimental type systems: Sized types
o Solver integration

'Dependent Type Systems as Macros, S. Chang et al. (2019)
°The Racket Manifesto, M. Felleisen et al. (2015)



Cur

e A dependently-typed proof assistant’

o Created with Racket?

e Extensible (experiment without core language modification)
New tactic systems: Ntac

Experimental type systems: Sized types

Solver integration

This presentation: ProofViz

(@)

o O O

'Dependent Type Systems as Macros, S. Chang et al. (2019)
°The Racket Manifesto, M. Felleisen et al. (2015)



Invoking ProofViz

(define addl+=+addl
(ntac (II (n : Nat)
(7 : Nat)
(== Nat
(s (plus n 3))
(plus n (s 3))))

display-focus-tree </isualize state in an existing script



Invoking ProofViz

(define addl+=+addl

(ntac/visual (II (n : Nat) <Develop proofs in a visual environment
(7 : Nat)
(== Nat

(s (plus n 3J))
(plus n (s J))))



Invoking ProofViz

(define addl+=+addl

(ntac/visual (II (n : Nat)
(7 : Nat)
(== Nat

(s (plus n 3J))
(plus n (s J))))

(by-intros n 7j)

(by-induction n) <i}mﬁﬂmewwobmmr

reflexivity

(by-apply f-equal #:with Nat Nat s (s (plus X1 7j))
(plus X1 (s J)))

by-assumption) )



~Top Level
(Focused) (M (n :

Nat (s (plus n j)) (plus n (s j))))|

Context

‘GUI Proof Explorer

Goal

Tactic

(0 (n : Nat) (j

: Nat) (== Nat (s (plus n j)) (plus n (s j))))

Hole

Expand all

Collapse all except focus

Generated by tactic

Focus here

(Passed into tactic)

Undo

ntros n j)
(by-induction n)
reflexivity

(by-apply f-equal #with Nat Nat s (s (plus X1 ])) (plus X1 (s J)))
by-assumption

Redo




GUI Proof Explorer - o
~Top Level (Gontexs =
<(A (n : Nat) (Subterm 0)) n E Nat i o
~Context: (n : Nat) j K Nat o
<(A (j : Nat) (Subterm 0))
~Context: (j : Nat) Tactlc|
ocused) at (s (plus n j)) (plus n (s j

Goal

(== Nat (s (plus

Hole

Undo
reflexivity

(by-apply f-equal #with Nat Nat s (s (plus X1 J)) (plus X1 (s J)))
by-assumption

Focus here

Generated by tactic
(by-intros n j)

Expand all

Collapse all except focus

Redo




~To

GUI Proof Explorer

' = =] VX
~Top Level |
<(A (n : Nat) (Subterm 0))

<Context: (n : Nat)
< (A (j : Nat) (Subterm 0))

~vContext: (j : Nat)

(Focused) (== Nat (s (plus n j)) (plus n (s j)))

HorE

Undo
reflexivity
(by-apply f-equal #with Nat Nat s (s (plus X1 J)) (plus X1 (s })))
by-assumption

Focus here

Generated by tactic
(by-intros n j)

Expand all Collapse all except focus

Redo



~To

GUI Proof Explorer

~Top Level

N

<(A (n : Nat) (Subterm 0))
<Context: (n : Nat)

(Subterm 0))

<~Context: (j : Nat)

(Focused) (== Nat (s (plus n j)) (plus n (s j)))

- o x

Tactic

s n (s )

(== Nat (s (plus n J))(plus n (s )

Result

(A (3 : Nat) (Subterm ©))

Expand all

Collapse all except focus

Generated by tactic

(by-intros n j)

Undo

(by-induction n)

reflexivity

(by-apply f-equal #with Nat Nat s (s (plus X1 J)) (plus X1 (s J)))
by-assumption

Redo



‘GUI Proof Explorer

~Top Level
<(A (n : Nat) (Subterm 0))
<~Context: (n : Nat)
Ay (Subterm 0))
vContext: (j : Nat)
(Focused) (== Nat (s (plus n j)) (plus n (s j)))

Expand all

———————————————

Apply
Subterms

0 3 == Nat (s (plus n J)) (plus n (s ])))

Result

(A (j : Nat) (Subterm 0))

Generated by tactic
(by-intros n j)

Context Tactic
n : Nat [oy-ntrosnpy

Undo

Nat Nat s (s (plus X1 J)) (plus X1 (s J)))

Redo




GUI Proof Explorer = o

~Top Level I‘CD'“EX‘ Tactic| ]
(by-Intros n )

)

~Top Level
<(A (n : Nat) (Subterm 0))
<Context: (n : Nat)
<(A (j : Nat) (Subterm 0))
<Context: (j : Nat)
“((new-elim n (A n (M (== Nat (s (plus n j)) (plus n (s j))))) (Subterm 0) (Subterm 1)))
< (A (A (Subterm 0)))
vContext:
(Focused) (== Nat (s j) (s j))
(A X1 IH3 (A (Subterm 0)))
<vContext: (X1 : Nat) (IH3 : (== Nat (s (plus X1 j)) (plus X1 (s j))))
(== Nat (s (s (plus X1 j))) (s (plus X1 (s j))))

— Undo

reflexivity
(by-apply f-equal #with Nat Nat s (s (plus X1 ])) (plus X1 (s J)))
by-assumption

by tactic
(by-induction n)

Expand all Collapse all except focus Redo




GUI Proof Explorer - o x

~Top Level |‘CDMEX‘ Tactic| ]
<

Etros nj)

FTop Level
<(A (n : Nat) (Subterm 0))
< Context: (n : Nat)
<(A (j : Nat) (Subterm 0))
wContext: (j : Nat)
hd((new-elim n (A n (I (== Nat (s (plus n j)) (plus n (s j))))
<(A (A (Subterm 0)))
<~ Context:
(Focused) (== Nat (s j) (s j))
<(A X1 IH3 (A (Subterm 0)))
<~Context: (X1 : Nat) (IH3 : (== Nat (s (plus X1 j)) (plus X1 (s j))))

J(Subterm 0) (Subterm 1)))

Undo

(== Nat (s (s (plus X1 j))) (s (plus X1 (s j)))) iy
pply f-equal #with Nat Nat s (s (plus X1 J)) (plus X1 (s J)))
bsumption
((new-elim

n

(A n (N (== Nat (s (plus n j)) (plus n (s j)))))

(Subterm ©)

(Subterm 1)))

Generated by tactic

(by-induction n)

Expand all Collapse all except focus Redo




GUI Proof Explorer - o x

Context Tactic| J
n H Nat

~Top Level
<(A (n : Nat) (Subterm 0))

(by-intros n j)

(by-induction n)

GUI Proof Explorer
| | context 1
n & Nat
j : Nat
sn(sj)))

Goal

< . Undo
(== Nat (s (plus n j)) (plus n (s j))) e —

(by-apply f-equal #with Nat Nat s (s (plus X1 J)) (plus X1 (s J)))
by-assumption

nj)) (plus n (s j)))))

Expand all Collapse all except focus Redo




‘GUI Proof Explorer

~Top Level
<(A (n : Nat) (Subterm 0))

GUI Proof Explorer
|l context
n : Nat
j : Nat
Goal

Apply
Subterms

0 3 == Nat (s (plus n j)) (plus n (s J))
1 3 == Nat (s (plus n j)) (plus n (s J)))

Result

((new-elim
n
(A n (N (== Nat (s (plus n j)) (plus n (s j)))))
(Subterm 0)

(== Nat (s (plus n j)) (plus n (s j)))

(Subterm 1)))

Generated by tactic

(by-induction n)

Expand all Collapse all except focus




GUI Proof Explorer

~Top

4

evel

)/ context

FTop Level

<(A (n : Nat) (Subterm 0))
<Context: (n : Nat)
< (A (j : Nat) (Subterm 0))
<wContext: (j : Nat)

<~((new-elim n (A n (M (== Nat (s (plus n j)) (plus n (s j))))) (Subterm 0) (Subterm 1)))
< (A (A (Subterm 0)))
<~Context:
(Focused) (== Nat (s j) (s j))
< (A X1 IH3 (A (Subterm 0)))
<Context: (X1 : Nat) (IH3 : (== Nat (s (plus X1 j)) (plus X1 (s j))))
(== Nat (s (s (plus X1 j))) (s (plus X1 (s j))))

by tactic

(by-induction n)

Expand all Collapse all except focus

- o x

Tactic| ]

(by-Intros n )

(by-induction n)

Undo

reflexivity
(by-apply f-equal #with Nat Nat s (s (plus X1 ])) (plus X1 (s J)))
by-assumption

Redo



GUI Proof Explorer

~Top Level
<(A (n : Nat) (Subterm 0))
<~Context: (n : Nat)
<(A (j : Nat) (Subterm 0))
~Context: (j : Nat)
<((new-elim n (A n (M (== Nat (s (plus n j)) (plus n (s j))))) (Subterm 0) (Subterm 1)))
<(A (A (Subterm 0)))
~Context:
(Focused) (== Nat (s j) (s j))
(A X1 IH3 (A (Subterm 0)))
~Context: (X1 : Nat) (IH3 : (== Nat (s (plus X1 j)) (plus X1 (s j))))
(== Nat (s (s (plus X1 j))) (s (plus X1 (s j))))

Context

] E Nat

X1 : Nat

H3 (== Nat (s (plus X1 )) (plus X1 (s J))
Goal

Tactic| ]
(by-Intros n )

(by-induction n)

Ill(== Nat (s (s (plus X1 j))) (s (plus X1 (s j))))

Hole

Generated by tactic

Focus here

(by|
by-

Undo

fith Nat Nat s (s (plus X1 J)) (plus X1 (s )))

Expand all Coll

(by-induction n)

Redo




~Top Level
<(A (n : Nat) (Subterm 0))
<~Context: (n : Nat)

<(A (j : Nat) (Subterm 0))
vContext: (j : Nat)

Tactic|

<((new-elim n (A n (M (== Nat (s (plus n j)) (plus n (s j))))) (Subterm 0) (Subterm 1)))
<(A (A (Subterm 0)))
vContext:
(== Nat (sj) (s )
(A X1 IH3 (A (Subterm 0)))
~Context: (X! at) (IH3 :
(Focused) (== Nat (s (s (plu

Nat (s (plus X1 j)) (plus X1 (s j))))
X1 j))) (s (plus X1 (s j).

Expand all

‘GUI Proof Explorer
Context
j P Nat
> Nat
IH3 (== Nat (s (plus X1))) (plus X1 (s })))
Goal

(== Nat (s (s (plus X1 j))) (s (plus X1 (s j))))

Hole

Focus here

Generated by tactic
(by-induction n)

Collapse all except focus

(by-Intros n )
(by-induction n)

(navigate (path-down-done) (path-down-apply 0) (path-down-context) (path-down-apply 0) (path-down-context)

Undo

Redo



~Top Level

<(A (n : Nat) (Subterm 0))
<~Context: (n : Nat)

GUI Proof Explorer
Context
] e Nat
i Alat) N\ il : Nat
~Top Level
<(A (n : Nat) (Subterm 0))

<Context: (n : Nat)

<(A (j : Nat) (Subterm 0))
~Context: (j : Nat)

<((new-elim n (A n (M (== Nat (s (plus n j)) (plus n (s j))))) (Subterm 0) (Subterm 1)))
< (A (A (Subterm 0)))
~Context:
== Nat (sj) (s]))
< (A X1 IH3 (A (Subterm 0)))

<Context: (X1 : Nat) (IH3 : (== Nat (s (plus X1 j)) (plus X1 (s j))))
(Focused) (== Nat (s (s (plus X1 j))) (s (plus X1 (s j))))

Focus here

by tactic

(by-induction n)

Expand all

Collapse all except focus

Tactic|

(by-Intros n )
(by-induction n)

(navigate (path-down-done) (path-down-apply 0) (path-down-context) (path-down-apply 0) (path-down-context)

Undo

Redo



~Top Level

<(A (n : Nat) (Subterm 0))
<~Context: (n : Nat)

Contf

GUI Proof Explorer

= o X |
]
Faror 2| Tactic| |ml
~Top Level (by-intros n j)
<(A (n : Nat) (Subterm 0)) (by-Induction n)
<Context: (n : Nat)

<(A (j : Nat) (Subterm 0))
~Context: (j : Nat)

< (A (A (Subterm 0)))
~Context:
== Nat (s ) (s]))
<(A X1 IH3 (A (Subterm 0)))

“((new-elim n (A n (M (== Nat (s (plus n j)) (plus n (s j))

(navigate (path-down-done) (path-down-apply 0) (path-down-context) (path-down-apply 0) (path-down-context)

<Context: (X1 : Nat) (IH3 : (== Nat (s (plus X1 j)) (plus X1 (s j))))
(Focused) (== Nat (s (s (plus X1 j))) (s (plus X1 (s j))))

Expand all

by tactic

Focus here

(by-induction n)

Collapse all except focus

Undo

Redo



~Top Level

<(A (n : Nat) (Subterm 0))
<~Context: (n : Nat)

<(A (j : Nat) (Subterm 0))
~Context: (j : Nat)

<((new-elim n (A n (M (== Nat (s (plus n j)) (plus n (s j))))) (Subterm 0) (Subterm 1)))
<(A (A (Subterm 0)))
~Context:

~(A (Subterm 0))
vContext:

(refl Nat (s j)) : (== Nat (s j) (s ]))
(A X1 IH3 (A (Subterm 0)))
~Context: (X1 : Nat) (IH3 :
(Focused)

Nat (s (plus X1 j)) (plus X1 (s j))))
Nat (s (s (plus X1 j))) (s (plus X1 (s j))))

Expand all

Context
] Nat
X1 Nat
1H3 ==Nj
Goal
== Nat (s (s

Hole

GUI Proof Explorer - o x
=i ‘ x
Tactic|
(by-intros n j)
(by-induction n)

Generated by tactic
(by-induction n)

Focus here

Collapse all except focus

Undo
ith Nat Nat s (s (plus X1 )) (plus X1 (s })))

Redo



GUI Proof Explorer

~To

~Top Level
< (A (n : Nat) (Subterm 0))
<Context: (n : Nat)
<(A (j : Nat) (Subterm 0))
<~Context: (j : Nat)
“((new-elim n (A n (M (== Nat (s (plus n j)) (plus n (5 )))))) (Subterm 0) (Subterm 1)))
<(A (A (Subterm 0)))
vContext:
<~ (A (Subterm 0))
<~Context:
(refl Nat (s j)) : (== Nat (s j) (s})))

< (A X1 IH3 (A (Subterm 0)))
vContext: (X1 : Nat) (IH3 : (== Nat (s (plus X1 j)) (plus X1 (s j))))
(Focused) (== Nat (s (s (plus X1 j))) (s (plus X1 (s j))))

Undo

al #with Nat Nat s (s (plus X1 )) (plus X1 (s J)))

by tactic

(by-induction n)

Expand all Collapse all except focus

Redo



~Top Level

<(A (n : Nat) (Subterm 0))
<~Context: (n : Nat)
<(A (j : Nat) (Subterm 0))
vContext: (j : Nat)

<((new-elim n (A n (M (== Nat (s (plus n j)) (plus n (s j))))) (Subterm 0) (Subterm 1)))

~(A (A (Subterm 0)))

~Context:

~(A (Subterm 0))
vContext:
(refl Nat (s j)) : (== Nat (s ) (s }))

(A X1 IH3 (A (Subterm 0)))

~Context: (X1 : Nat) (IH3 : (== Nat (s (plus X1 j)) (plus X1 (s j))))

<(f-equal Nat Nat (A X1 (s X1)) (s (plus X1 j)) (plus X1 (s j)) (Subterm 0))
(Focused) at (s (plus X1 j)) (plus X1 (s j)))|

Expand all

Tact|c|
Gl Procy (by-intros n j)
Context
,on ‘ : Nat (by-induction n)
b reflexivity
H3 (== Nat (s (plus X1 J)) (plu
(by-apply f-equal #:

Goal

(== Nat (s (plus X1 j)) (plUS XT (5 JJTJ

ith Nat Nat s (s (plus X1 j))

Hole

Focus here

Collapse all except focus

Generated by tactic

(by-apply f-equal #:with Nat Nat s (s (plus X1 j)) (plus X1 (s j)))

Undo

by-assumption

Redo




Tactlcl

GUI Prooj (by-intros n j)

~To

~Top Level
<(A (n : Nat) (Subterm 0))
<Context: (n : Nat)
< (A (j : Nat) (Subterm 0))
<Context: (j : Nat)
<((new-elim n (A n (M (== Nat (s (plus n j)) (plus n (s j))))) (Subterm 0) (Subterm 1)))
(A (A (Subterm 0)))
~Context:
(A (Subterm 0))
~Context:
(refl Nat (s j)) : (== Nat (s j) (s j))

(A X1 IH3 (A (Subterm 0)))
vContext: (X1 : Nat) (IH3 : (== Nat (s (plus X1 j)) (plus X1 (s)))))
< (f-equal Nat Nat (A X1 (s X1)) (s (plus X1 j)) (plus X1 (s j)) (Subterm 0))
(Focused) (== Nat (s (plus X1 j)) (plus X1 (s j)))

(S (plus X1 j)) (plus X1 (s })))

Undo

ssumption

by tactic

(by-apply f-equal #:with Nat Nat s (s (plus X1 j)) (plus X1 (s j)))

Expand all Collapse all except focus

Redo



GUI Proof Explorer

~Top Level
<(A (n : Nat) (Subterm 0))
<~Context: (n : Nat)
<(A (j : Nat) (Subterm 0))
vContext: (j : Nat)
<((new-elim n (A n (M (== Nat (s (plus n j)) (plus n (s j))))) (
~(A (A (Subterm 0)))
~Context:
~(A (Subterm 0))
vContext:
(refl Nat (s j)) : (== Nat (s j) (s ]))
(A X1 IH3 (A (Subterm 0)))
<Context: (X1 : Nat) (IH3 : (== Nat (s (plus X1 j)) (plus|
<(f-equal Nat Nat (A X1 (s X1)) (s (plus X1 j)) (plus X
(Focused) at (s (plus X1 j)) (plus X1 (s j)))

I‘Conlext Tactic
| §|context
j Nat
X1 Nat
IH3 == Nat (s (plus X1 J)) (plus X1 (s })))
Goal
(== Nat (s (plus X1 j)) (plus X1 (s j)))

1

Undo

Expand all

Collapse all except focus

Redo



GUI Proof Explorer

B Focused) Top Level
<(A (n : Nat) (Subterm 0))
~Context: (n : Nat)
<(A (j : Nat) (Subterm 0))
~Context: (j : Nat)
<((new-elim n (A n (M (== Nat (s (plus n j)) (plus n (s j))))) (Subterm 0) (Subterm
<(A (A (Subterm 0)))
~Context:
~(A (Subterm 0))
vContext:
(refl Nat (s j)) : (== Nat (s j) (s ]))
(A X1 IH3 (A (Subterm 0)))
~Context: (X1 : Nat) (IH3 : (== Nat (s (plus X1 j)) (plus X1 (s j))))
<(f-equal Nat Nat (A X1 (s X1)) (s (plus X1 j)) (plus X1 (s j)) (Subterm 0))
IH3 : (== Nat (s (plus X1 j)) (plus X1 (s j)))

Context

Tactic

Tacti Crli

(by-intros n j)

(by-induction n)

reflexivity

(by-apply f-equal #with Nat Nat s (s (plus X1 J)) (plus X1 (s })))
by-assumption

Complete Proof Term
(A (n : Nat)

(A (3 : Nat)

((new-elim

n
(A n (N (== Nat (s (plus n j)) (plus n (s j)))))
(A (A (A (refl Nat (s j)))))
(A X1
IH3
(A (f-equal
Nat
Nat

Generated by tactic
(Passed into tactic)

Expand all Collapse all except focus

Undo

Redo




GUI Proof Explorer

hq(Focused) Top Level|
Lo Nab) (Suht,

I‘Cﬂ'\lex‘ Tactic
< an

hd(Focused) Top Level
< (A (n : Nat) (Subterm 0))
<Context: (n : Nat)
<~ (A (j : Nat) (Subterm 0))
~Context: (j : Nat)
<~ ((new-elim n (A n (M (== Nat (s (plus n j)) (plus n (s j))))) (Subterm 0) (Subterm 1)))
<(A (A (Subterm 0)))
~Context:
<~ (A (Subterm 0))
~Context:
(refl Nat (s j)) : (== Nat (s ) (sj))

(A X1 IH3 (A (Subterm 0)))
vContext: (X1 : Nat) (IH3 : (== Nat (s (plus X1 j)) (plus X1 (s )))))
+(f-equal Nat Nat (A X1 (s X1)) (s (plus X1 j)) (plus X1 (s j)) (Subterm 0))
IH3 : (== Nat (s (plus X1 j)) (plus X1 (s j)))

Expand all Collapse all except focus




GUI Proof Explorer

hg(Focused) Top Level

J/context Tactic|

<(A (n : Nat) (Subterm 0))
~Context: (n : Nat)
<(A (j : Nat) (Subterm 0))
~Context: (j : Nat)
<((new-elim n (A n (M (== Nat (s (plus n j)) (plus n (s j))))) (S
<(A (A (Subterm 0)))
~Context:
~(A (Subterm 0))
vContext:
(refl Nat (s j)) : (== Nat (s]) (s }))
(A X1 IH3 (A (Subterm 0)))
<Context: (X1 : Nat) (IH3 : (== Nat (s (plus X1 j)) (plus X
<(f-equal Nat Nat (A X1 (s X1)) (s (plus X1 j)) (plus X1
IH3 : (== Nat (s (plus X1 j)) (plus X1 (s j)))

Expand all

Goal

(M (n : Nat) (j : Nat) (== Nat (s (plus n j)) (plus n (s j))))

Complete Proof Term

(A (n : Nat)
(A (j : Nat)
((new-elim
n
(A n (M (== Nat (s (plus n j)) (plus n (s j)))))
(A (A (A (refl Nat (s j)))))
(A X1
IH3
(A (f-equal
Nat
Nat

Generated by tactic

(Passed into tactic)




GUI Proof Explorer

~Top Level
=0 e - o x
<(A (j : Nat) (Subterni I
wContext: (j_: Nat)
~ifewsinn Tactic|(by-exact IH3)
~Context:
o (by-intros n j)
(re
g L (by-induction n)
< (f-equall
reflexivity
(by-apply f-equal #:with Nat Nat s (s (plus X1 J)) (plus X1 (s J)))
IH | '
Undo
Focus here
Generated by tactic
(by-apply f-equal #:with Nat Nat s (s (plus X1 j)) (plus X1 (s j)
Expand all Collapse all except focus Redo




Related Work -

induction [; i...

-

destruct n. destruct n.

. /\
- FooOF Ok

simpl in H.  simpl in H. simpl in *.

F
3l >

{induct "n1"} 33 PorarL (1 list[T], n2: nat)
11 <= length(l) AND n2 < j!1 IMPLIES
th(take(L, 3!1), n2) = nth(l, n2)
Ledlle lenqr.h @i
n211’¢

F

{grind-with-ext} {skosinp# :preds? t)

nth(ta.ke(ﬁd((l!l), 3'1), n2!1 - 1) = nth{cdr(1!1), n2!1 - 1)

{expand "take" 1) {grind-with-ext) (skns‘hw) Dismiss Print Stick
: E

(case "n2!1 = 0™) (use “take_length")

T ey

41-4

1+ F
I |

discriminate.  admit.

n2!1 >= 0
E E [ =0
| rum a hst[‘l‘] n2 nat) ;
n2 < ]'} mpgss

" ' th (1,
(grind-uith-ext) (assert) Cassert) J.l) ,‘2)
311 b Lengi
F f2i 3 10
| nth(cons (car (L11), take(cdr (111), j11)), n2!1) = nth(l11, n2!1)

Previous sequent
a0 : A
H: nth_error (a:: 1) 0 = Some a0

a:: | =firstn 0 (a:: ) ++ (a0 :: nil) ++ skipn (0 + 1) (a ::

(expand "nth" 2) 7
'l_ 1 Dismiss Print Stick

(reurite -3)

Dismiss 2 open goals (no new) Menul

A Type
a:A
H: error = Some a

nil = firstn 0 nil ++ (a :: nil) ++ skipn (0 + 1) nil

(Left) Prototype Verification System, Owre S., Rushby J.M., Shankar N. (1992)
(Right) Proof Tree Visualization for Proof General, Tews H. (2011)
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Buffers Files Tools Edit Search Ilisp Lisp Complete In/Out Signals Help

OMEGA: show-proof =
P = =10l x

NODE (NDLINE) A node whose proof should be shown: [SIMP1] File Edit View Problems Rules Tactics Methods Theories Planner Blackbox ProVerh Misc Help Options
Lboan taw Dee & n « ¢ ¢ B J_l @ Q]

A2 (a2) | (SUBSET B C) Al
a1 A1) ! (SUBSET A B) =] Omega User Interface (Term Brow, - [Of| X}

L1 (A2 A1D | CAND (SUBSET A B) (SUBSET B C)) Display 2

L17 (A2 A1D | (SUBSET A B) ﬂé‘ Clear Line | Clear Al |

L2 (A2 A1 ! (SUBSET A B) s J

LS (A2 A1) ! (FORALL [X:I] CIMPLIES (A XD (B X))) |;: ¥x.(a x) > (c x) ﬁ ‘ Justification: IMP1

L7 (A2 A1) (IMPLIES (A XD (B X))

L12 (A2 A1 L6) ! (B XD

L14 (A2 A1) (SUBSET B C)

(SUBSET B C)

(FORALL [X:I1 (IMPLIES (B X) (C X)|
cowpLies <8 3 ¢ 1 Cannot see the proof term i
L13 (A2 A1 L6) | (C XD

L9 (L6 A2 A1) | (C XD

L10 (A2 A1D (IMPLIES (A XD (C X))

(FORALL [X:I] CIMPLIES (A X) (C X))
(SUBSET 4 C [ v

L3 (A2 A1)
L4 A2 A1)
L8 (A2 A1)

L11 (A2 A1)
SIMP1 (A1 A2)
omeca: B I I

COREFERENCE

= =

Tme:omsox) @ o Mo O7 OCo @8 A1 Ao A2 <O1 Tot 19018  Depth: 10 Omega Mode

A Distributed Graphical User Interface for the Interactive Proof System
Siekmann et al. (1998)



Sunburst view of the-proof

File Edit View LKProof LKS Proof Sunburst Help Tests Export as: PDF Ctrl-N

r Inference:
d:l

((no+ ko) + (14 k1)) SU((n
el N — /& 3 . r Auxiliary:
f(no + ko)) = 1+ f((no + ko)) = 1 ) (¥n)(3k) (f((n + k)) =

f((no + ko)) = 1, f((((rno + ko) + 1
(o + ko) + 1) + k1)) = 1+ (—((no + ko) = (((no + ko) + 1) + k1)) A (f((no + ko)) = A
no+ ko)) = 1, f((((no + ko) + 1) + k1)) = 1+ (3g)(=((n0 + ko) = @) A (f((ra + ko)) = f]

fl(no+ ko)) =1, f((({no + ko) + 1) + k1)) = 1+ (3p)(3q)(—~(p = q) A (f(p) = flaq)))

r Primary:

F((no+ ko)) = 1, (3K) (F((((no + ko) + 1) + k) = 1) - (3p)(3q) (~(p = q) A (f(p) = f(q) 7 /) 11/ 1)+
f((no+ ko)) = 1,(¥n)(3k) (f((n + k) = 1) - (Ip)(3a)(~(p = @) A (f(p) = f(a)))

(Vn)(3K) (f((n + k) = 1), (3K) (f((no + k) = 1) F Gp)(E0)(—(p = 0) A (f(p) = £(a)))
(vn)(@R) (f((n + k) = 1), (¥n)(3R) (f((n + k) = D)+ Cp)(F)((p = 0) A (fp) = £(q) % ,
(Vn)(@3K) (f(n + k) = D Gp) ) (~(p = 0) A (f0) = f@)) R

1) F @) (30) (=) A () = f@)

Advanced Proof Viewing in ProofTool
Libal T., Riener M., Rukhaia M. (2014)



evenb_double_conv proof tree

[Current assumptions

n': nat

IH:3k:nat, n'=S (double k)
k' : nat

IHk : n'= S (double k')

S (S (double k')) = double (S k')

.......

—reflexivity
. . . S (S (double k') = double (S k')
——————ewrite it

= |Hk

—reflexivity
. .
30
. . 3k :nat, S n'= (if eveni

3 k : nat, n = (if evenb n then double k else S (dou

v n:nat, 3 k:nat, n = (if evenb n then double k else S|

Cannot see the proof term

nb n’).

xmua(C)l Retract to 635

Traf: A Graphical Proof Tree Viewer Cooperating with Coq Through Proof General

Toggle drawing mode : [current goal] Abbravlamwbtreelmnul

Kawabata H., Tanaka Y., Kimura M., Hironaka T. (2018)



Lemma Gauss: ¥ n, 2* (nsumn (fun i = i)) =n* (n + 1). =

m
i=0

Proof. =
induction n; cbn [nsum]. =
- (* ne<o *)—

2X,0=0x(0+1)

reflexivity.

-(*n(-s_*)—

n
In:2xY i=nx(n+1)
=0

2 x (Sn+zn:i) =Snx(Sn+1)
=0

rewrite Mult.mult_plus_distr_1. —

2xSn+2x) i=Snx(Sn+l)
i=0

rewrite IHn. =

2x8Sn+nx(n+1l)=Snx (Sn+1)
ring.
Qed.

Untangling Mechanized Proofs, Pit-Claudel C. (2020)



Vernacular "Show Proof"

Theorem addleqg : forall (fun n ] : nat =>
(n : nat) (J : nat), nat ind
(n + J3).+1 = (fun nO0 : nat =>
(n + j.+1). eq (S (addn nO 7))
intros n j. (addn nO (S 7J)))
elim n. ?Goal ?Goal(O n)

Show Proof.



Future Work

Better IDE integration
Tree diff view before/after tactics
Save proof script to existing file

([
o
([
e Less verbose modes



ProofViz: Summary

e Bridge tactics and proof terms for beginners
e Develop new proofs or visualize existing scripts
e Minimal changes to rest of proof assistant

Thank you



