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We formalize micro provers for propositional logic in the proof assistants 

Isabelle/HOL and Agda 

We use the provers in an advanced automated reasoning course at the 

Technical University of Denmark (DTU) where they concretize discussions of 

termination, soundness and completeness 

The students are familiar with functional programming beforehand but 

formalizing the provers, and other programs, introduces the students to 

formally verified functional programming in a proof assistant 

Automated Reasoning: 

Math theorems, logic puzzles, distributed systems & functional programming 

2020   27 students        2021   52 students 

https://kurser.dtu.dk/course/02256 

The formalizations/programs, 64 lines (47 sloc) in file Micro_Prover.thy and 

416 lines (333 sloc) in file microprover.agda are available here: 

https://github.com/logic-tools/micro  



Agda, Coq, Lean    Dependent Types 

HOL4, HOL Light, Isabelle/HOL  Simple Types 
 

Isabelle/HOL screenshot with automated reasoning challenge problem (1970) 

https://en.wikipedia.org/wiki/McCarthy_91_function 

 

  



Prover 

      Input:      A formula 

      Output: YES / NO 

 

 

A ⟶ A 

A ⟶ B 

 

¬ ¬ A ⟶ A 

 

A ∧ B ⟶ A 

A ∧ B ⟶ B 

 

A ⟶ B ⟶ A ∧ B 

 

 

 

 

 

 

 

A ⟶ B ⟶ A 

(A ⟶ B ⟶ C) ⟶ (A ⟶ B) ⟶ A ⟶ C 

 

(A ⟶ C) ⟶ (B ⟶ C) ⟶ A ∨ B ⟶ C 

 

A ⟶ A ∨ B 

B ⟶ A ∨ B 



Sequent Calculus 

 

 

       Proof in sequent calculus from logitext.mit.edu 

 



Interactive Theorem Prover (ITP) 

 

  



Automatic Theorem Prover (ATP) 

Integration of Standard ML in Isabelle 

 



Isabelle/HOL theory with proofs for list functions 

 

 

 



Datatypes for formulas 

Function for semantics 

Abbreviation for sequent calculus 

 

 

 

 

 

 



Micro Prover 

 

 

  



Main theorem 

 

 

 

 

 

 

 

 

 

 

                Entire Isabelle theory shown 

 
 



Conclusions 

 

 Proofs that have been informal in previous courses, for instance of 

termination, can now be verified by the machine, and the provers provide 

practical examples 

 

 Similarly, the formal meta-languages provided by the formalizations clarify 

boundaries that can be muddled with pen and paper, for instance between 

syntactic and semantic arguments 

 

 We find that the automation available in Isabelle/HOL provides succinctness 

while the verification in Agda closer resembles functional programming 
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